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J. J. Nieto in the paper [l] studied the second-order periodic boundary 
value problem 
- 24” =f( t, u), u(0) = U(27r), u’(0) = u’(27c) (1) 
and proved the following assertions: 
Suppose that f~ C ((0,2n) x R, R) is decreasing in u for each fixed 
t E (0,27r) and that X, p E C2 ((0,27r)) are lower and upper solutions for 
(1). Then 
(1) if c( d p on (0, 2n), then (1) admits a solution and the solution 
set of (1) in the sector (a, /I) is an Rg; 
(2) if c( 2 /I on (0, 2rc), then (a) (1) admits a solution; (b) there exist 
positive constants sr , s? such that the solution set of (1) in the sector 
(LX-S,, fl+s2) is an R,. 
The aim of this paper is to improve these assertions. 
DEFINITION. A function LXEC ((0, 27~)) (BEC’ ((0, 27~))) is called a 
lower (an upper) solution for (1 ), iff 
-cc”(t) <f(t, a(t)); c?(O) = cY(27c), a’(0) 2 cd(27c) 
(-B”(t) >f(f> B(t)); B(O) = 8(271), P’(O) < P’(270). 
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LEMMA 1. Suppose that ,f’E C ( (0, 271) x R, R) is non-inL,recl.sing irl 21 ,fi)r 
eacll,fixed t E (0, 2n). lf’r, /I ure looter und upper solutions j&r ( I ) and Y >, /j 
on (0, 2n), then r - fi = const. and a, fi ure solutions of ( 1 ), 
Prooj: ,f(t,a(t))<J’(t, /Y(t)) on (0,271) is true, asJ’(t,.) is non-increasing 
and cc(t)>/?‘(t). Further because of (r-/I)” >,f(t, P(t))-f(t, ~((t))>0, the 
function (c( - p )’ is non-decreasing. As r’( 0) - /?‘( 0) > cx’( 27~) - fl’( 2x), the 
function (c( - 8) is constant, therefore (CZ - fi)( t) = ct + d for some L’, de R. 
But x(O)-fl(O)=tx(27c)-P(27c), so cc-,0=d 
Now we shall prove z, b are solutions of (1). As -d’(t) = 
-(B(t)+d)” = -B”(t) >.f(t,/l(t)) >f(t,j(t)+d) =f(t,cdt)), a’(O) = 
/I’(O) < b’(27r) = x’( 2x), c( is also an upper solution for ( 1). The fact /? is a 
lower solution can be proved similarly. This means that c(, fl are solutions 
of (1). 
As every solution of (1) is simultaneously a lower and an upper solution 
for (1 ), the following holds: 
LEMMA 2. Suppose that ,f’E C ( (0, 2x) x R, R) is non-increasing in u Jkw 
each,fixed tE (0, 2n). If u, DE C’ ((0, 2n)) are solutions qf (1) und u>v 
on (0, 27~ ), then u - I: = const. 
LEMMA 3. Suppose that ,f E C ( (0, 2n ) x R, R) is non-increasing in u ,for 
each ,fi.ued t E (0, 2~ >. Then the boundary value problem 
-II” =f( t, Ii ); u(t,)=a, u(t?)=b (2) 
has at most one solution on (t, . t2) c (0, 27~). 
Proof. Supposing u, v are solutions of (2), u # v, we can find t, < t,, 
(t3, t4) c (t,, t2) such that 
4fj) = et,), u(t,) = L’(f4) (3) 
u(t)>v(t) on (t3, t4) or u(t) < v(t) on (t3, fd 
We can assume (without any loss of generality) 
u(t) > v(t) on (t3, f4). (4) 
Then (u - v)” =f( t, v(t)) -f( t, u(t)) 2 0, i.e., (u - v)’ is a non-decreasing 
function and-with respect to (3)-we obtain II - LJ < 0 on ( t3, t4), but that 
is a contradiction with (4). 
LEMMA 4. Suppose that f E C ( (0, 2n ) x R, R ) is non-increasing in u jbr 
each fi-xed t E (0, 271). If u, v E C2 (( 0, 27~)) are solutions of ( 1 ), then u 2 v 
on (0,2n) or u< 0 on (0,27r). 
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Proof. Assume that there are solutions U, v of (1) such that u(t,) < v( t,) 
and I > v(t,) for some t,, t, E (0,2n). With respect to the periodic 
boundary conditions we can find an interval I= (t,, t4) c (0,271) such 
that u(t3) = v(t3), u(t4) = v(t,) and t, E I or t, E I. This is in contradiction 
with Lemma 3. 
COROLLARY 1. Suppose that f E C ((0, 2n) x R, R) is non-increasing in 
u for each fixed t E (0, 271); let u > v be solutions of (1 ), let c = u - v. Then 
the function f (t, ) is constant on (v(t), v(t) + c) for each fixed t E (0, 271). 
Every function z(t) = v(t) + c, for c, E (0, c) is a solution qf (1). 
Proof: As f(t, u(t))= --u”(t)= -(v(t)+c)“=f(t, u(t)) and the func- 
tion f (t, .) is non-increasing, ,f(t, . ) must be constant on (u(t), o(t) + c) 
for each fixed t~(O,2rc). If ,-(t)=a(t)+cl (c,~(O,c)), then -z”(t)= 
-(v(t)+~~)“=f(t, u(t))=f(t, u(t)+c,)=f’(t.;(t)). The fact the boundary 
conditions are fulfilled is obvious. 
COROLLARY 2. Suppose that f E C ( (0, 27~ ) x R, R) is non-increasing in 
u for each ,fiued t E (0, 271) and there exists a t, E (0,27c) such that f (t,, .) 
is decreasing. Then (1) has at most one solution. 
Remark 1. Let f E C ( (0, 27~) x R, R) be non-increasing in u for each 
fixed t E (0,271), let u be a given function defined on (0,2n). The maximal 
interval I, (degenerate or non-degenerate) such that 0 E I, and f (t, .) is con- 
stant on the set u(t)+Z,= {v(t)+c; CEZ,} can be assigned to each 
t E (0, 27r). Each I, is a closed set, as f is a continuous function; therefore, 
z=n fE <0, Zn> I, is closed. (Obviously Z is the maximal interval (degenerate 
or non-degenerate) such that 0 E Z and each of the functions f(t, . ) 
(TV (0, 27r)) is constant on the interval u(t) +I.) 
Remark 2. Suppose that f E C ((0,2x) x R, R) is incresing in u for 
each fixed t E (0,271). If u f u are solutions of (l), then there exist points 
t,, 1,~ (0, 2~) such that u(t,) > z.)(t,), ~(1~) < u(tz) (i.e., the solutions u and 
u cross each other). 
Proof. Assume that u>u, u $ v on (0,2n) or udv, u $ u on (0,27r) 
holds. If u 2 v, u f v on (0,271), then it can be proved u - u = const. > 0 
analogously as in Lemma 1. From that it follows (similarly as in 
Corollary 1) f (t, .) is constant on the interval (t(t), u(t)), which is in 
contradiction with the fact f (t, .) is increasing. 
Lemma 2, Lemma 4, Corollary 1, and Remark 1 can be summarized as 
follows: 
THEOREM. Suppose that f E C ( (0, 271) x R, R) is non-increasing in u .for 
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each fixed t E (0, 21-t) and that (1 ) admits at least one .solutiorl II E C2 
( (0, 2rt)). Then there exists an interval I (degenerate or non-degenerate) 
with the properties 0 E I and I is a closed set, such that the solution set S of 
(1) has the,form S= {u(t)+c; c~lj. 
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